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Abstract 

Let Mg^n, for 2g — 2 + n > 0, be the moduli stack of n-pointed, genus g, smooth 
r*n i curves. For a family C ^ S" of such curves over a connected base and a geometric 



point ^ on S, the associated monodromy representation is the induced homomorphism 
T^iiS,^) — > 7ri{Aig^n, [C^]) on algebraic fundamental groups. It is well known that, 
if S is irreducible, reduced and locally of finite type over a field k of characteristic 
zero, the fibre C^ and the corresponding monodromy representation determine the 
relative isomorphism class of the family. In the first part of the paper, it is shown 
that suitable quotients of this representation suffice. 
Cn I These results are then applied to show that the monodromy representation associ- 

*v^ ■ ated to a family C — > S of n-pointed, genus g, stable curves of compact type, i.e. the 

t^^ . induced homomorphism 7ri(S', ^) — > 7ri(A4g^„, [C^]) (where, Mg,n denotes the moduli 

^1^ I stack of n-pointed, genus g, stable curves of compact type), characterizes trivial and 

isotrivial families. 
\G • Let U be an open subscheme of a normal, irreducible, locally noetherian scheme 

^£ i S over a field k of characteristic zero and let C — > f/ be a family of stable curves of 

compact type. In the second part of the paper, a monodromy criterion is given for 
C^ ■ extending C — > C/ to a family of stable curves of compact type over S. 

Mathematics Subject Classifications (2000): 14D05, 14H10, 14D06, 14K10. 

X 

ci\ 1 Monodromy rigidity of families of curves 

According to a classical theorem by Grothendieck (see the theorem in the introduction of 
[Gr J ) ■ a family of abelian varieties in characteristic zero is determined by the associated 
monodromy representation. More precisely, given two schemes (or stacks) X and X' over 
a common base S, we say that they are relatively isomorphic, if they are isomorphic over 
S. Then, it holds: 

Theorem 1.1 (Grothendieck) Let S be a reduced, connected scheme locally of finite 
type over a field k of characteristic zero, and let ^ he a geometric point on S. The relative 
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isomorphism class of a polarized abelian scheme A over S , of relative dimension g, is 
determined by the fibre A^ and by the corresponding monodromy representation 7Ti{S,^) -^ 
GL{Hi{A^, Ze)), for a prime £ > 0. 

The corollary to the above theorem, given as well by Grothendieck in the introduction of 
[Grj . is better understood making use of the notion of fundamental group of an algebraic 
stack (see [N]). As usual, the moduli stack of principally polarized abelian varieties of 
dimension g is denoted by Ag. 

Corollary 1.2 (Grothendieck) Let S and ^ be as above. A k-morphism f : S -^ Ag is 
determined by the image of the point ^ and by the induced homomorphism /* : 7Ci{S,^) — >■ 

MAgJiO)- 

Proof. To the universal family A — > Ag of abelian varieties and the point [A^] G Ag is 
associated the universal monodromy representation iiilAg, [A^]) -^ GL(iJi(A^, Z^)). The 
monodromy representation 7ii{S,^) -^ GL(ifi(A^, Z^)) is the composition of f^ with the 
universal monodromy representation. D 

Remark 1.3 The above criterion implies that a family of abelian varieties over a simply 
connected, reduced scheme S, over a field k of characteristic zero, is trivial. Since this is 
false in positive characteristic (see Remark 2.6 of [Q]), it follows, in particular, that the 
hypothesis on the characteristic is essential in Theorem 11.11 and most likely in all that 
follows in this section. 

The Torelli morphism t : Aig -^ Ag is a natural morphism of D-M stacks fitting in a 
commutative diagram: 

Q ^ C ^ Mg 

i jp it 

Ai(g) "-^ A ^ ^^, 

where C -^ M.g is the universal curve, Q is the fibre of C over a geometric point ^ e A^^,, 
Aj(g) is the fibre of Ag over the point t(^) G Ag and jp : Q ■^-^ At(^) is the embedding of 
Q in its jacobian determined by a fixed point P & C^. Let us observe that, even though 
the embedding jp depends on P, the induced epimorphism on fundamental groups jp^: : 
7ri(Q) -^ 7ri(A((^)) does not, since translations act trivially on the geometric fundamental 
group of an abelian variety. Therefore, the abelianization of the fundamental group of 
Q can be canonically identified with the fundamental group of its jacobian A((g). Since 
the geometric fundamental group of a smooth hyperbolic curve is center free, the universal 
curve C -^ J^g determines on fundamental groups a short exact sequence (for more details, 
see Lemma 2.1 in |M-Tj ): 

1 ^ 7ri(Q) ^ 7ri(C) ^ MMg,0 -^ 1- 
The associated universal monodromy representation then fits in the diagram: 

MMg,0 ^ Out(7ri(Q)) 

i '. i (*) 

MAgM)) -^ GL(7ri(Ai(5))). 



Let us prove that the diagram (*) is actually commutative. In contrast with C -^ -M-gi 
the universal curve C -^ -^g,i is endowed with a tautological section s : A1g,i — > C . The 
Torelli morphism t' : M.g^i — * Ag and the Abel map js : C ^ A associated to s then fit in 
a natural commutative diagram: 

CV -^ C ^ Mg,l 

Ai(^/) -^ A ^ ^<,. 

Therefore, the corresponding universal monodromy representations fit in a commutative 
diagram: 

vri(A<,,i,n -^ Aut(7ri(q,)) 
i< i 

7ri(^„t(a) -^ GL(7ri(Ai(e))). 

Let us observe that the morphism Aig^i -^ M.g (forgetting the labeled point) is naturally 
identified with the universal curve C -^ M.g and then C with the pull-back of C over M.g^i. 
Hence, taking the base point ^' G Q, the fibre CL is naturally isomorphic to Q and there 
is a natural commutative diagram: 



ri(-M.,i,n - 


-^ Aut(7ri(q,)) 


i 


i 


^l{Mg,0 - 


-^ Out(7ri(Q)). 



Since the homomorphism t'^ factors through t*, the diagram (*) is commutative as well. 
From the above remarks, it now follows: 

Theorem 1.4 Let S and E, & S he a reduced, irreducible D-M stack locally of finite type 
over a field k of characteristic zero. Then, the relative isomorphism class of a smooth, 
proper, geometrically connected curve C ^ S of genus g > 2 is determined by its fibre C^ 
over C, and by the associated monodromy representation 7Ci{S,C,) — > GL(ifi(C^, Z^)), for 
a prime i > 0. 

Proof. Let us consider first the case when S" is a normal irreducible scheme. By Theo- 
rem [TTTl the monodromy representation 7ri(S', ^) — > GL{Hi{C^,Zi)) determines the iso- 
morphism class of the relative principally polarized Jacobian Jc/s- So, it determines the 
isomorphism class of the principally polarized Jacobian Jck{s) '^^ ^^^ generic fibre Ck(s) of 
C — >• 5 (where we denote by -^'(5') the function field of 5*). 

Torelli Theorem implies that the isomorphism class of a smooth hyperbolic proper curve 
over a field of characteristic zero is determined by its Jacobian (for an elementary proof of 
this fact, see Corollary 12.2 in [Mi]). In particular, this is true for Ck{s)- 

Since the D-M stack }Ag is separated and S is normal, the isomorphism class of the 
curve C — *> S* is determined by the isomorphism class of its generic point. Hence, the 
theorem follows for normal schemes. For reduced, irreducible D-M stacks, it will follow 
from: 
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Lemma 1.5 Let M. he a D-M stack endowed with a uniformisation M.' — > M., i.e. the 
stack A4' is representable by a connected scheme and the given morphism is Galois etale. 
Let then fi : X —>■ M., for i = 1,2, be representable morphisms of D-M stacks, with X 
irreducible, and tc : Y —>■ X be a representable epimorphism of D-M stacks. Then, /i = /2 
if and only if fion = /gOTr and, for a geometric point x G X, it holds fu = /2* : tti{X,x) — > 
TJ"! (-A^ ) /i (3;) = f2{x))/N, where N is a normal subgroup containing the subgroup ofiii^J^) 
corresponding to the cover Ai' —>■ Ai . 

Proof. One direction is obvious. So let us prove that, under the above hypotheses, /i = /2- 
By hypotheses, the two pull-backs of the Galois etale cover J^' ^ ^A along /i and /2 are 
naturally isomorphic. Let us denote this etale cover hj X' ^ X and let // : X' — > Ai', for 
z = 1, 2, be the induced morphisms of schemes. In order to prove that /i = /2, it is enough 
to show that f[ = f2- Let vr' : y — > X' be the pull-back of the given epimorphism vr along 
X' —>■ X, which is then an epimorphism of schemes. By hypothesis, it holds /{ovr' = f^^^T^'- 
Since vr' is an epimorphism and all the spaces involved are schemes, it follows f[ = /a and 
hence fi = f2- □ 

The moduli stack of curves A4g,n is uniformisied by any abelian level structure AiJ^ 
with m > 3. In particular, since the given curve C -^ S defines a representable morphism 

5 —>■ M-g^ni the D-M stack S is also uniformisable. Let then S" be the normalization of a 
uniformisation of S. The natural morphism S" — *> S" is clearly a representable epimorphism. 
So, we can apply Lemma 11.51 Let then C' — » S" the pull-back of the given curve over S". 
The homology monodromy representation associated to the curve C' -^ S" is determined 
by that associated to C -^ S and, as we proved above, the curve C' -^ S' is determined 
by its associated monodromy representation. The theorem then follows. D 

Remark 1.6 In the statement of Theorem 1 1.4^ it is essential to assume that S is irreducible 
(in contrast with Theorem ll.il) . as the following counter- example (provided by the referee) 
shows. Let C — *> T be a smooth, projective, geometrically connected curve of genus > 3, 
over a smooth connected curve, such that, generically, the group of automorphism is trivial 
and the fibre over t G T is hyperelliptic. Let us glue T with another copy of T transversely in 
the points corresponding to t. Glueing the families above over t, once with the identity and 
secondly with the hyperelliptic involution, we get two non-isomorphic families of curves. 
However, the relative Jacobians are isomorphic. In fact, the hyperelliptic involution acts 
as —1 on the Jacobian and this extends to all the relative Jacobian. 

For a given algebraic curve C and a prime i > 2, let us denote by vrj '(C) the pro-i 
completion of its fundamental group. Let us recall that the derived series of this group is 
defined inductively to be: 

Let us recall, moreover, that, for a topologically finitely generated pio-i group, the terms 
of the derived series are closed subgroups. 

Parshin's trick allows to extend Theorem 11.41 to families of pointed curves: 



Theorem 1.7 Let S and ^ E S be as in the hypotheses of Theorem \1.4\ Then, the relative 
isomorphism class of a smooth proper curve C -^ S of genus g with given non- coalescing 
sections Si : S ^ C , for i = 1, . . . ,n, such that 2g ~ 2 + n > 0, is determined by its fibre 
C^ over C, and by the induced monodromy representation: 

with k = 4, ifn>0, and k = 3, if n>2. 

Proof. Let us briefly recall the notion of G-Teichmiiller structure (for more details, see 
[D-Mj . |P-dJj and [BlJ ). Given an n-pointed, genus g, smooth curve C — *> X, with sections 
Sj : X — >■ C, for i = 1, . . . n, a G-Teichmiiller structure is deflned to be a global section 
of the sheaf whose stalk, at a geometric point s G X, is the set of exterior surjective 
group homomorphisms from tti{Cx \ Usj(a;),a;) to the group G. The stack of n-pointed, 
genus g smooth curves with G-Teichmiiller structure is denoted by A^^ ,^[G] and called the 
D-M level structure associated to the group G. It is endowed with a natural Galois etale 
morphism Mg^n[G] -^ Mg^n 

For any flnitely generated group G, the subgroup G^ generated by 2-nd order powers of 
G is a finite index verbal subgroup (in particular characteristic) containing the second term 
of the derived series G{2). So, its commutator subgroup [G^,G^] contains (7(3). Going 
one step further, (G^)^ is a finite index verbal subgroup of G containing G(3). Hence its 
commutator subgroup [(G^)^, (G^)^] contains G(4). 

In order to prove the theorem, we need a characteristic subgroup i^ of vrj (G^ \ 
U"=iSi(.^)), such that the corresponding Galois cover G^ -^ G^ branches non-trivially 
over the points Sj(^), for i = 1, . . . ,n, and the genus of G^ is at least two. For n > 2, 
the subgroup ttJ (G^ \ U"^;^Sj(,^))^ would already do but, for n = 1, we need to take 

K:={n?{G^^U^MO)r- 

Let then G := vrj (G^ \ U1^-i^Si{^))/K. By the theory of G-Teichmiiller structures, it 
follows that there is a finite connected, Galois etale cover S' ^ S such that the pull-back 
G' -^ S' of the given curve is an n-pointed curve, with sections s^, for i = 1, . . . ,n, and 
is endowed with a G-Teichmiiller structure, such that the induced relative Galois cover 
C^ -^ G' over S' has fibrewise the required properties. 

Let C,' G S" be a geometric point lying over ^. The fibre C/f is naturally isomorphic to 
G^ . By Theorem 1 1.4[ the curve C^ — »• S' is determined by the representation 7ri(S",^') —>■ 
GL(ifi(G^, Z^)) and the fibre G^ . In their turn, they are determined by the monodromy 
representation given in the statement of the theorem and by the fibre G^. 

Now, the curve C^ -^ S' determines its quotient G' — *> S' and the set of sections {s'j} 
as the connected components of the branch locus of the natural morphism C^ — > G'. The 
order on the latter set is then determined by the order on the points s(^j) on G^ given by 
the indices. At this point, to obtain the theorem, we just apply Lemma [T31 

D 

If one is just interested in knowing whether the given n-pointed curve G ^ S is isotriv- 
ial (or just trivial). Theorem 1 1 . 71 can be considerably improved. Let Gg^n be an n-punctured 
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algebraic curve of genus g over a field k of characteristic zero and let Cg := Cg^ be its com- 
pactification. Let us consider the following natural filtrations on its algebraic fundamental 
group TTi{Cg^n)- The descending central series is defined by 7ri(Cg_„)'^^ := TCi{Cg^n) and 
7ri(Cg,„)['^l := [7ri{Cg^nY''~^\ Tii{Cg^n)]- The weight filtration, which comes from Hodge the- 
ory, is defined as follows. Let N be the kernel of the natural morphism vri(Cg,„) —>■ 7ri(Cg) 
(filling in the punctures) and define 



W\^{Cg,n) 



g,nj 



vri(C. 
N-7i,{CgJ^K 

[MCg,n),W'7f^{Cg,^)] ■ [N,W''''7r,{Cg^^) 



where we denote by 7ri(Cg,„)f'^l the A;-th term of the descending central series, i.e. the 
normal closed subgroup spanned by commutators of order k. As for the descending central 
series, it holds [W^Tri{Cg^n),W*TTi{Cg^n)] < W^*^*7ri(Cg^„). The descending central series 
and the weight filtration are cofinal to each other (for n = 0, they coincide). In fact, it 
holds W'^''~^TCi{Cg^n) < 7ri(Cg,„)[''l < W^^7ri(Cg,„). Similar filtrations can then be defined 
for the pro-£ completion vrj (Cg,„), for a prime i > 0. 

By the results in |B2j , the quotient of the fundamental group of Cg^n by the third term 
of the weight filtration has a remarkable geometric meaning in the theory of moduli of 
curves. Let C -^ ■Mg,n be the n-punctured, genus g curve obtained from the universal curve 
removing the images of the tautological sections (i.e. the curve canonically isomorphic to 
■Mg,n+i) and let Aig^n be the moduli stack of n-pointed, genus g stable curves of compact 
type. According to the results of §3 in [B2j , the universal monodromy representation 
'^i{-Mg,n,0 ~^ Out(7ri(Q)) induces a representation: 

MMg,n,0 -^ Out(7ri(Q)/iyVi(Q)), 

whose restriction to the geometric fundamental group is faithful. We can further spe- 
cialize this representation to a given prime £. As remarked in §3 of |B2] . the profinite 
group Tii^C^) /W^Tii^C^) decomposes as the direct product of its maximal pro-£ quotients. 
Therefore, there is a natural isomorphism: 

I prime 

Let us then denote by vrj {Aig,n,0^ ^^ ^ given prime i > the image of 7ri(7Vlg„,^), in 
the virtual pro-i group Out(7r| {C^)/W^tc[ (C^)), by the monodromy representation. 

The (iso)-triviality of an n-pointed, genus g relative curve is controlled by the mon- 
odromy representation with values in this group. More precisely, it holds: 

Proposition 1.8 Let S be a connected, reduced D-M stack, locally of finite type over a 
field k of characteristic zero, and ^ G 5* a geometric point. For 2g — 2 + n > and g > I, 
an n-punctured smooth curve C —>■ S of genus g is isotrivial (respectively trivial) if and 
only if the associated monodromy representation 7ri(S', ^) — > Out(7r| [C^)/W^nl [C^)) has 
finite (respectively trivial) image, for a prime i > 0. 



Proof. The only if statements are obvious. We can clearly assume that S is irreducible. 
Moreover, possibly replacing 5 by a Galois, etale cover S' — > S, it is clealy enough to prove 
just the triviality statement for S an irreducible, reduced scheme. 

The case g > 2 and n = is dealt by Theorem 11.41 while the case g = 1 and n = 1 is 
dealt by Theorem 11.11 Then, the proof proceeds by induction on n. So, let us assume that 
the proposition has been proved for n punctures and let us prove the (n + l)-punctured 
case. 

Let then C ^ 5* be an (n + l)-punctured curve of genus g over a reduced, irreducible 
scheme and let C" ^ S" be the n-punctured curve obtained from C ^ S filling in the (n+1)- 
th section. The natural embedding C^ ^^ C'^ induces an epimorphism on truncated funda- 
mental groups so that the monodromy representation 7ri(S', ^) -^ Out(7r| {C'^/W^'Ki (C^)) 

is induced by the monodromy representation 7ri(S', ^) — >• Out(7r| (C^)/iy^7r| (C^)). There- 
fore, since the latter is trivial, the former is trivial as well. So, by inductive hypothesis, 
the family of n-punctured curves C" ^ S* is trivial. 

Let f : S ^ A4g^n+i be the morphism corresponding to the given curve C ^ S. The 
image of / is then contained in the fibre of the curve A4g^n+i -^ ■^g,n over the geometric 
point which parametrizes the curve C'^. Let us denote this point by ( and the fibre above 
it by Ft^. By Theorem 3.11 in |B2j . there is a short exact sequence: 



1 ^ H,{F^,Ze) ^ 7rf)(A^,,„+i,/(C)) ^ 4\Mg,n,0 ^ 1- 

As we already remarked, there is a natural representation 

7rf)(A^,,.+i,/(0) - Ont{nf\C^)/W'7r?{C^)) 

whose restriction to the geometric fundamental group is faithful. In particular, by hypoth- 
esis, the induced homomorphism /* : Hi{S ® k, Zg) — > ifi(F^, Zi) is then trivial. Since F^ 
is a smooth curve of genus > 1, it follows that / is the constant map. D 

The above description of the fundamental group of the moduli stack A4g,n suggests 
that a criterion similar to the one given in Proposition 11.81 could still hold for families of 
curves of compact type. Let us remark that the open substack A^c,,„ of J^g,n is the largest 
for which a monodromy criterion to characterize morphisms 5* —>■ M.g,n makes sense. In 
fact, by Teichmiiller theory, the topological fundamental group of the stack A4g^n, for 
g > 1, is normally generated by any "small" loop around the divisor whose generic point 
parameterizes singular irreducible curves. Therefore, an open substack of A^g,„, containing 
a point parameterizing a singular irreducible curve, is simply connected. 

However, it is clear that a space, which enjoys the same kind of rigidity property stated 
above, cannot contain any rational curve, while this not the case, in general, for Aig^n (this 
is why A4g,n fails to be, also topologically, an Eilenberg-Maclane space of type (vr, 1)). So, 
we will obtain a criterion actually weaker than Proposition 11.81 

Let us then give the following definition: 
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Definition 1.9 Let 2g — 2 + n > 0. A n-pointed, genus g stable curve of compact type 
C ^> S, with labeling sections Si : S —* C for i = 1, . . .n, is linearly rigid if, for every fibre 
C^ over a geometric point ^ E S, the following conditions are satisfied: 

i.) the number of points where an irreducible rational component E of C^ meets the 
other components of the curve C^ and the images of the sections Sj, for z = 1, . . . n, 
is exactly 3; 

ii.) if El and E2 are distinct irreducible rational components of C^, then EiH E2 = 0. 

Instead, we will say that the curve C ^ 5* is linear ii its moduli only depend on the rational 
components of the fibers 

The clutching morphisms A^gi,ni x . . . x J^g^^n^ -^ -^g^n, obtained by restriction from 
those on A4g^n, are proper. Therefore, their images are closed substacks oi Aig^n- The stack 
of linearly rigid curves is precisely the open substack of A^g,n, whose complement is the 
union of all closed strata such that the domain of the corresponding clutching morphisms 
contains a factor of the type A^o.fc,, with fcj > 3. It does not contain any obvious rational 
curve. We will see that it does not contain rational curves at all. 

Theorem 1.10 Let S be a connected, reduced D-M stack, locally of finite type over afield k 
of characteristic zero, andC, be a geometric point on S. Let then C -^ S, for2g — 2 + n > 0, 
be an n-pointed,jjenus g, stable curve of compact type. If the monodromy representation 
TCi{S,^) — * vrj (A^g,n,0 ^'5 finite (respectively trivial), for a prime i > 0, the curve C —^ S 
is a linear family. In particular, if, for some geometric point ^ G S", the fibre C^ is linearly 
rigid, the curve C -^ S is an is otrivial family (respectively a trivial family) . 

Proof. It is clearly enough to prove the theorem for the case when the monodromy rep- 
resentation is trivial and S is an irreducible scheme. Let f : S —>■ Aig^n be the morphism 
induced by C ^ 5. If / maps the generic point of S to Aig^n, the conclusion follows 
from Proposition II. 8[ Otherwise, possibly after replacing 5* by an etale cover, we may 
assume that / factors through a certain clutching morphism Y[^=l■^gi,n^+l "~^ ■^g,n, with 
Si=i 9i = 9 and X]j=i '^i — ^- Let the factoring morphism f : S -^ Y[i=i ■^gi,ni+i be opti- 
mal, in the sense that, composed with any of the projections pi : nj=i -^guni+i — > AA-g^^m+i, 
it maps the generic point of 5* inside AA.g-^m+i^ for i = 1, ... A;. 

\i gi 7^ 0, by Proposition II. 8^ the morphism pj o /' is constant whenever the monodromy 
representation {pi o /')^ : 7ri(S', ^) — > ttJ {Aig^^n^+iiPi ° f'iO) is trivial. On the other hand, 
by Theorem 4.2 in [B2j, we have that the homomorphism {pi o /')^ is determined by the 
monodromy representation /* : 7ri(5', ,^) — * vrj {Aig^n, [C^]) which, by hypothesis is trivial. 
Therefore, {pi o /')^ is trivial as well. In conclusion, the morphism pi o /' is constant 
whenever gi 7^ 0. This completes the proof of the theorem. D 

Corollary 1.11 Let S and ^ E S be as in the hypotheses of Theorem \ 1 . 1 0\ and let C -^ S , 

for 2g — 2 + n > 0, be an n-pointed, genus g, stable curve of compact type. If S is simply 
connected, the curve C ^ S is a linear family. In particular, if, for some geometric point 
^ E S , the fibre C^ is linearly rigid, the curve C ^ S is a trivial family. 



2 Extending families of curves 

Theorem 11.41 and Theorem 11.81 show to which extent the monodromy representation char- 
acterizes a family of smooth curves. Suppose given a dense open subscheme f/ of a scheme 
S as above and an n-punctured smooth curve C ^ U and that the monodromy represen- 
tation 7ii{U,C,) -^ Out(7ri(C^)) "extends" to a representation 7ri(S', ^) — * Out(7ri(C^)). Is 
it then possible to extend C ^ U to an n-punctured smooth curve C ^ S7 

In |Stl] . Stix answered positively to this question with some restriction on 5* but with 
no restriction on the characteristic: 

Theorem 2.1 (Stix) Let 2g — 2 + n > 0. Let U he a dense open subscheme of a normal, 
connected, excellent, locally noetherian scheme S , C, a geometric point of U and i a prime 
number invertible on S. Let C ^ U be an n-punctured smooth curve of genus g. The 
curve C ^ U extends to an n-punctured smooth curve of genus g over S, if and only if 



W/ 



isms 



the monodromy representation 7ri(f/, ^) -^ Out(7rJ {C^)) factors through the epimorph 
7Ti{U,^) -^ TTii^S,^), induced by the injection U G S, and a homomorphism 7ii{S,^) -^ 
Out(vrf)(Q)). 

Here, we will prove the following refinement of Stix' Theorem: 

Theorem 2.2 Let 2g — 2 + n > 0. Let U G S , C, and i as in the hypotheses of Theo- 
rem \2.1[ Let C —>■ U be an n-punctured smooth curve of genus g. The curve C —>■ U 
extends to an n-punctured smooth curve of genus g over S , if and only if the mon- 
odromy representation tti{U,^) —> Ont{Tri'{C^)/W^TTi'{C^)) factors through the epimor- 
phisms 7ii{U,^) -^ 7ii{S,C,), induced by the inclusion U G S, and a homomorphism 

7ri(S,0 - Out(7rf)(Q)/iyM'^(Q))- 

Proof. The proof (with the exception of Lemma 12.51) closely follows |Stlj and |St2j . As in 
[Stlj . the first step is the following: 

Lemma 2.3 Let U, S , ^ and i be as in the statement of Theorem \2.2[ Let f : U ^ ■^g,n, 
for2g — 2-\-n > 0, be a map such that the associated monodromy representation 7ri{U,C,) — ^ 
Out(7r| '{C^)/W^ni (C^)) factors through the epimorphisms Tri{U,^) -^ 7ri(S', ^), induced 
by the inclusion U G S. Then, there exists a projective birational morphism a : S' —>■ S 
which is an isomorphism above U, such that: 

i.) S' is normal; 

ii.) cr^Os' = Os; 

Hi.) the map f extends to a map f : S' ^ ■Mg,n, such that the associated monodromy 
representation Tri{S',^) -^ Out(7r| '{C^)/W'^7r[ (Q)) factors as: 
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Proof. Let A^*^^^ -^ ■^g,n be the abelian level structure of order £ (for £ = 2, consider 
instead the abelian level A1*^^) -^ M.g.n and change the rest accordingly). It is a quasi- 
projective variety, representable over A4g^n- Let then S{i) := S y<Mg.„ -M.^^^- The natural 
map f{i) : S{i) -^ A^(^) is Sp2(,(Z/£)-equivariant. Since the action of Sp2g(Z/£) on A^(^) 

extends to its Deligne-Mumford compactification A4 , the natural action of Sp2„(Z/£) 

on the graph Qf^i) of /(£) extends to its closure ^/(£) C S{i) x A^ . Let then 5" be the 
normalization of the quotient ^j(£)/Sp2„(Z/^). The natural morphism a : S' —>■ S has all the 
required properties. The only non-trivial property to check is that the image of the natural 
morphism f : S' ^ -^9,n is actually contained in A^g,n- Here, the argument goes exactly as 
in the proof of Lemma 2.3 in |St2] . since the image of 7ri(Alg „) in Out(7r| '{C^)/W'^tcI (C^)) 
classifies a tower of Galois covers of Adg^n which ramifies universally along the Deligne- 
Mumford boundary (see |B-Pj and [P]). D 

The difficult part of the proof of Theorem 12.21 consists in showing that the morphism 
constructed above f : S' ^ ■^g,n actually factors through a : S' ^> S. Thanks to 
property ii.) of Lemma [^^ it is enough to prove that this is true set-theoretically, i.e. that 
the fibers of the morphism a are contracted by /'. By construction, the fibers of a are 
proper sub-schemes of S' . Therefore, it is now enough to prove: 

Lemma 2.4 Let C -^ S , for 2g — 2 + n > 0, be an n-punctured smooth curve of genus 
g over a proper smooth connected curve over an algebraically closed field k, such that the 
associated monodromy representation ps '■ vri(5', ^) -^ Out(7r| {C^)/W'^t[1 (C^)) is trivial. 
Then, the curve C —>■ S is a trivial family. 

Proof. In the previous section, we actually proved a stronger result but with the further 
assumption that C be defined over a field of characteristic zero. So, we need to provide a 
different proof. 

For g < 1, the lemma follows trivially from the fact that the coarse moduli spaces Mg^n, 
in these cases, are affine varieties and do not contain proper curves. For the case g > 2, 
we follow the strategy of Proposition 2.5 in |St2j . 

Let £ be Mumford's ample line bundle on A^g,n ® k and let fci G H'^{M.g^n ® k,Qi) 
be its first Chern class. If / : S" — *> ^Ag,n is not the constant map, the pull-back /*(£) 
of £ over S is ample as well and, in particular, one must have Ci (/*(£)) ^ 0. There are 
natural representations pk ■ TTi{A4g,n) -^ Out(7r| (C^) /W'^nl (C^)), for A; > 1, induced by 
the universal monodromy representation. Let us denote by Gk/ the image of vri(A1g „ ® k) 
in the profinite group Out(7r| {C^)/W'^itI (C^)). Consider then the commutative diagram: 

Pic{Mg,n®k) % H\Mg,n®kMl) ^ H\G^,,,Q,) 
if* if i Ps 

Pic{S) ^ H\S,Qe) ^ H\n,{S),Q,). 

Lemma 12.41 now follows from: 
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Lemma 2.5 For g >2, the image of p^ in H'^{A4gn ® k, Qi) contains the Mumford class 
Proof. Let us consider the following commutative diagram: 

By Proposition 5.1 in |B2j . the homomorphism 

p; : H\Gs,e, Qe) ^ //'(vrf^ (><,,„ C), Q,) ^ if2(A^g,„ ® C, Q,) 

is surjective. Therefore, by the above diagram, the same holds for p^. D 

In fact, from the hypothesis that ps is trivial, it follows that p*g is the zero map. 
Therefore, Ci (/*(£)) = and then / is necessarily the constant map. D 

D 

In the light of Theorem 11.101 it is natural to expect that a result of the type of The- 
orem 12.21 holds for families of stable curves of compact type as well. In this section, we 
will show that this is actually the case, at least after some restrictions on the data. The 
starting point is the following theorem by Grothendieck (see §4 in [Grj ): 



Theorem 2.6 (Grothendieck) Let S be a normal, irreducible, locally noetherian scheme 
over a field k of characteristic zero, and let U be an open subscheme of S and ^ E U a 
geometric point. Let f : U ^ Ag be a k-morphism. Then, f extends to a k-morphism 
S — >■ Ag, if and only if the induced homomorphism /* : 7ri([/, ^) — > Tii{Ag, f{^)) factors 
through the epimorphism 7ii{U,^) -» 7ii{S,^), induced by the injection U "-^ S, and a 
homomorphism tti{S,^) -^ ni^Ag, f{^)). 

Let us suppose given schemes U G S as above and a fc-morphism f : U ^ ■^g,n 
such that the induced homomorphism f^ : T^iiJJ.S,) -^ ^i(-^c/,n5 /(O) factors through the 
epimorphism 7ri(f/, ^) -^ iii^S,^) induced by the injection U C S. There is a natural 
fc-morphism t : A^g,„ — * Ag. The composition t o f : U ^ Ag satisfies the conditions of 
Theorem 12.61 and hence extends to a fc-morphism S -^ Ag. 

Let C G S he a. curve which intersects non-triyially U. The image of the extension 
C -^ ■Mg,n of the induced morphism f : C nU ^ ■^g,n must then be contained in A^g,„, 
i.e. f : C nU ^ -^g^n extends to a morphism f : C ^ ■Mg,n- 

For any given point P E S \ U, there is a curve C C S* as above such that P E C. 
The set of limit curves of U in P is then defined to be the set of isomorphism classes of 
n-pointed, genus g, stable curves of compact type parametrized by the images of P by all 
the possible morphisms C -^ ■M.g,n as above. Let us remark that the jacobians of the limit 
curves oi U in P are all isomorphic. 

We can now state the monodromy extension criterion for families of stable curves of 
compact type: 
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Theorem 2.7 Let S be a normal, irreducible, locally noetherian scheme over a field k of 
characteristic zero, and let U be an open subscheme of S and ^ & U a geometric point. 
Let f : U —>■ Aig^n, for 2g — 2 + n > 0, be a k-morphism. Let us assume that the induced 
homomorphism /* : 7ri(f/, ^) -^ T^i{M.g^ni /(O) factors through the epimorphism iii^U,^) -» 
7ri(S', ^), induced by the injection U C S, and a homomorphism iii^S, ^) — >• 7ii{Mg,n, f{0)- 
Then, there exists a projective birational morphism with connected fibres a : S" — >■ S", from 
a normal, irreducible, locally noetherian scheme S' , such that: 

i.) the morphism f : U ^ ■M.g.n extends to a morphism / : S" — > J^g,ni 

a.) for all points P E S \ U, the curve C -^ S' , corresponding to the morphism f , 
restricts over a^^{P) to a linear family (see Definition \1.9\) . 

Hi.) the morphism a is an isomorphism over U and over neighborhoods of points P G S\U 
such that the set of limit curves of U in P contains a linearly rigid curve. 

Proof. Proceeding like in the proof of Theorem 12.21 one constructs a proper birational 
map a : S' ^ S, from a normal, irreducible, locally noetherian scheme S', which is 
an isomorphism above U and such that the given morphism f : U —>■ M.g^n extends to a 
morphism f : S' ^ M.g^n- Since the induced homomorphism f^ : 7ri(f/, ^) -^ T^i{M.g,n^ /(O) 
factors through the epimorphism 7ri(f/, ^) -» 7ri(S",^) induced by the injection U "-^ S', 
fromthe remark following Theorem l2.6l it follows that the domain of / is actually contained 
in Aig,n- Let us observe that the set of points P E S such that the set of limit curves of U 
in P contains a linearly rigid stable curve is then a Zariski open U' of S. 

Let P E S \U and let C -^ a~^{P) be the family of n-pointed, genus g stable curves 
of compact type, corresponding to the restriction of / to a~^{P). Then, the induced 
monodromy representation 7ri(cr~^(P), a;) -^ T^ii-Mg^n, f{x)) is trivial, because it factors 
through the monodromy representation 7ri(5",a;) — > Tfi^M-gn, f{x)) and then through the 

homomorphism 7ri(S', ^) -^ T!'i{-M.g,n, fiO) given in the hypotheses of the theorem. Thus, 
by Theorem 11.101 the family C -^ cr^^(P) is linear. In particular, if for some x G cr~^(P), 
the curve C^ is linearly rigid, the family C -^ a^^{P) is trivial and the fibre a^^{P) is 
contracted by the morphism / : S" — > TVlg „. The same arguments used in the proof of 
Theorem 12.21 imply that the morphism f : U -^ ■^g,n extends to a morphism f : U' -^ 
M.g,n- By construction, the morphism a : S" ^ 5 has all the required properties. 

D 
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